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The authors wrote out a long manuscript [I. Gálvez-Carrillo et al., “Decomposition spaces, incidence
algebras and Möbius inversion”, Preprint, arXiv:1404.3202], which has been divided reasonably into
six papers of more manageable size. The first two sections of that long manuscript constitute the present
paper, which is the first part of a trilogy followed by [I. Gálvez-Carrillo et al., Adv. Math. 333, 1242–
1292 (2018; Zbl 1403.18016); ibid. 334, 544–584 (2018; Zbl 1403.18017)]. The long appendix of that
long manuscript has become an independent paper [I. Gálvez-Carrillo et al., “Homotopy linear algebra”,
Preprint, arXiv:1602.05082] devoted to homotopy linear algebra. The offshoot [I. Gálvez-Carrillo et al.,
“Decomposition spaces and restriction species”, Preprint, arXiv:1708.02570] shows that Schmitt coal-
gebras of restriction species naturally define decomposition spaces, introducing a new notion of directed
restriction species, of which the Butcher-Connes-Kreimer bialgebra and the Manchon-Manin bialgebra
of directed graph are examples. The excrescence [I. Gálvez-Carrillo et al., “Decomposition spaces in
combinatorics”, Preprint, arXiv:1612.09225] gives such examples as the binomial posets in [P. Doubilet
et al., in: Proc. 6th Berkeley Sympos. math. Statist. Probab., Univ. Calif. 1970, 2, 267–318 (1972; Zbl
0267.05002)], the Faà di Bruno bialgebra, the Butcher-Connes-Kremier bialgebra of trees and Hall alge-
bras.
This paper is the first part of a trilogy devoted to the theory of decomposition spaces, which are simplicial
∞- groupoids abiding by a certain exactness condition. The principal objective in this paper is to introduce
decomposition spaces as a general framework for incidence algebra and Möbius inversion. The second
part [I. Gálvez-Carrillo et al., Adv. Math. 333, 1242–1292 (2018; Zbl 1403.18016)] arrives at the notion
of Möbius decomposition space as a far-reaching generalization of the notion of Möbius category in [P.
Leroux, Cah. Topologie Géom. Différ. Catégoriques 16, 280–282 (1976; Zbl 0364.18001)]. The third part
introduces the Möbius decomposition space of Möbius intervals, subsuming discoveries by F. W. Lawvere
and M. Menni [Theory Appl. Categ. 24, 221–265 (2010; Zbl 1236.18001)].
The authors generalize the familiar notion of incidence algebra of a locally finite poset in three directions:
(1) replacing posets by categories and ∞-categories;
(2) replacing scalar coefficients by ∞-groupoids;
(3) replacing the Segal condition by a weaker one that still allows the construction of incidence algebra.
They then arrive at decomposition spaces as a systematic framework for decomposing structures, while
categories are the systematic framework for composing structures. They prefer incidence coalgebras to
incidence algebras, which are merely the convolution algebras determined by their linear duals. The
principal discovery is a weaker condition (called the decomposition axiom) than the Segal or Rezk condition
allowing the construction of a coassociative incidence coalgebra and a Möbius inversion principle. An
important advantage of having the classical settings of posets and monoids on the same footing is that
they may then be connected by an appropriate class of functors. They are called the CULF (C for
“conservative” and ULF for “unique lifting of cofactorizations”) functors between decomposition spaces,
and induce coalgebra homomorphisms. Decomposition spaces were discovered first by T. Dyckerhoff
and M. Kapranov [“Higher Segal spaces. I”, Preprint, arXiv:1212.3563], who called them unital 2-
Segal spaces. The authors, unaware of their work, have arrived at the same notion and have developed
the theory that are mostly orthogonal to theirs. The definitions are different in guise: the definition
of decomposition space refers to preservation of certain pullbacks, while the definition of 2-Segal space
is concerned with triangulations of convex polygons. The authors were inspired by rather elementary
aspects of combinatorics and quantum field theory, whereas Dyckerhoff and Kapranov were motivated by
representation theory, goemetry and homological algebra. The authors’ examples are drawn from incidence
algebra and Möbius inversion, while Dyckerhoff and Kapranov have in mind cyclic bar construction,
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mapping class groups surface geometry besides Hall algebras and Hecke ones.
Reviewer: Hirokazu Nishimura (Tsukuba)
MSC:
00B15 Collections of articles of miscellaneous specific interest Cited in 4 Reviews
Cited in 8 Documents
Keywords:
decomposition space; Segal space; 2-Segal space; CULF functor; incidence algebra; Hall algebra
Full Text: DOI
References:
[1] Aguiar, M.; Mahajan, S., Monoidal functors, species and Hopf algebras, CRM Monograph Series, vol. 29, (2010),
American Mathematical Society Providence, RI, With forewords by Kenneth Brown and Stephen Chase and André
Joyal · Zbl 1209.18002
[2] Baez, J. C.; Dolan, J., From finite sets to Feynman diagrams, (Mathematics Unlimited — 2001 and Beyond, (2001),
Springer Berlin), 29-50 · Zbl 1004.18001
[3] Baez, J. C.; Hoffnung, A. E.; Walker, C. D., Higher dimensional algebra VII: groupoidification, Theory Appl. Categ.,
24, 489-553, (2010) · Zbl 1229.18003
[4] Baues, H.-J.; Wirsching, G., Cohomology of small categories, J. Pure Appl. Algebra, 38, 187-211, (1985) · Zbl
0587.18006
[5] Berger, C., A cellular nerve for higher categories, Adv. Math., 169, 118-175, (2002) · Zbl 1024.18004
[6] Berger, C.; Melliès, P.-A.; Weber, M., Monads with arities and their associated theories, J. Pure Appl. Algebra, 216,
2029-2048, (2012) · Zbl 1256.18004
[7] Bergner, J. E., A survey of $(\infty, 1)$-categories, (Towards Higher Categories, IMA Vol. Math. Appl., vol. 152,
(2010), Springer New York), 69-83 · Zbl 1200.18011
[8] Butcher, J. C., An algebraic theory of integration methods, Math. Comp., 26, 79-106, (1972) · Zbl 0258.65070
[9] Carboni, A.; Lack, S.; Walters, R. F.C., Introduction to extensive and distributive categories, J. Pure Appl. Algebra,
84, 145-158, (1993) · Zbl 0784.18001
[10] Cartier, P.; Foata, D., Problèmes combinatoires de commutation et réarrangements, Lecture Notes in Mathematics,
vol. 85, (1969), Springer-Verlag Berlin, New York, Republished in the “books” section of the Séminaire Lotharingien
de Combinatoire · Zbl 0186.30101
[11] Connes, A.; Kreimer, D., Hopf algebras, renormalization and noncommutative geometry, Comm. Math. Phys., 199,
203-242, (1998) · Zbl 0932.16038
[12] Content, M.; Lemay, F.; Leroux, P., Catégories de Möbius et fonctorialités: un cadre général pour l’inversion de Möbius,
J. Combin. Theory Ser. A, 28, 169-190, (1980) · Zbl 0449.05004
[13] Doubilet, P.; Rota, G.-C.; Stanley, R., On the foundations of combinatorial theory. VI. the idea of generating function,
(Proceedings of the Sixth Berkeley Symposium on Mathematical Statistics and Probability, vol. II: Probability Theory,
Univ. California, Berkeley, Calif., 1970/1971, (1972), Univ. California Press Berkeley, Calif.), 267-318
[14] Dür, A., Möbius functions, incidence algebras and power series representations, Lecture Notes in Mathematics, vol.
1202, (1986), Springer-Verlag Berlin · Zbl 0592.05006
[15] Dyckerhoff, T., Higher categorical aspects of Hall algebras, (Building Bridges Between Algebra and Topology, Advanced
Courses in Mathematics - CRM Barcelona, (2018), Birkhäuser Basel)
[16] Dyckerhoff, T.; Kapranov, M., Crossed simplicial groups and structured surfaces, (Stacks and Categories in Geometry,
Topology, and Algebra, Contemp. Math., vol. 643, (2015), Amer. Math. Soc. Providence, RI), 37-110 · Zbl 1373.18015
[17] Dyckerhoff, T.; Kapranov, M., Higher Segal spaces I, in: Springer Lecture Notes in Mathematics, to appear
[18] Dyckerhoff, T.; Kapranov, M., Triangulated surfaces in triangulated categories, J. Eur. Math. Soc., (2018), in press ·
Zbl 1403.18011
[19] Fiore, T. M.; Lück, W.; Sauer, R., Finiteness obstructions and Euler characteristics of categories, Adv. Math., 226,
2371-2469, (2011) · Zbl 1242.18014
[20] Gálvez-Carrillo, I.; Kock, J.; Tonks, A., Groupoids and faà di bruno formulae for Green functions in bialgebras of
trees, Adv. Math., 254, 79-117, (2014) · Zbl 1295.16022
[21] Gálvez-Carrillo, I.; Kock, J.; Tonks, A., Decomposition spaces, incidence algebras and Möbius inversion, (Old omnibus
version, not intended for publication). Preprint · Zbl 1403.00023
[22] Gálvez-Carrillo, I.; Kock, J.; Tonks, A., Homotopy linear algebra, Proc. Roy. Soc. Edinburgh Sect. A, 148, 293-325,
(2018) · Zbl 06854604
[23] Gálvez-Carrillo, I.; Kock, J.; Tonks, A., Decomposition spaces, incidence algebras and Möbius inversion II: complete-
Edited by FIZ Karlsruhe, the European Mathematical Society and the Heidelberg Academy of Sciences and Humanities
© 2019 FIZ Karlsruhe GmbH Page 2
ness, length filtration, and finiteness, Adv. Math., (2018), in press · Zbl 1403.18016
[24] Gálvez-Carrillo, I.; Kock, J.; Tonks, A., Decomposition spaces, incidence algebras and Möbius inversion III: the de-
composition space of Möbius intervals, Adv. Math., (2018), in press · Zbl 1403.18017
[25] Gálvez-Carrillo, I.; Kock, J.; Tonks, A., Decomposition spaces and restriction species, Preprint
[26] Gálvez-Carrillo, I.; Kock, J.; Tonks, A., Decomposition spaces in combinatorics, Preprint
[27] Gepner, D.; Haugseng, R.; Kock, J., ∞-operads as analytic monads, Preprint
[28] Haigh, J., On the Möbius algebra and the Grothendieck ring of a finite category, J. Lond. Math. Soc. (2), 21, 81-92,
(1980) · Zbl 0417.18005
[29] Illusie, L., Complexe cotangent et déformations. II, Lecture Notes in Mathematics, vol. 283, (1972), Springer-Verlag
Berlin · Zbl 0238.13017
[30] Johnstone, P., A note on discrete conduché fibrations, Theory Appl. Categ., 5, 1-11, (1999) · Zbl 0912.18003
[31] Joni, S. A.; Rota, G.-C., Coalgebras and bialgebras in combinatorics, Stud. Appl. Math., 61, 93-139, (1979) · Zbl
0471.05020
[32] Joyal, A., Une théorie combinatoire des séries formelles, Adv. Math., 42, 1-82, (1981) · Zbl 0491.05007
[33] Joyal, A., Foncteurs analytiques et espèces de structures, (Combinatoire énumérative, Montréal/Québec, 1985, Lecture
Notes in Mathematics, vol. 1234, (1986), Springer Berlin), 126-159
[34] Joyal, A., Quasi-categories and kan complexes, J. Pure Appl. Algebra, 175, 207-222, (2002) · Zbl 1015.18008
[35] Joyal, A., The theory of quasi-categories, (Advanced Course on Simplicial Methods in Higher Categories, vol. II,
Quaderns, vol. 45, (2008), CRM Barcelona), Available at
[36] Joyal, A.; Kock, J., Feynman graphs, and nerve theorem for compact symmetric multicategories (extended abstract),
(Proceedings of the 6th International Workshop on Quantum Physics and Logic, Oxford, 2009, Electron. Notes Theor.
Comput. Sci., vol. 270, (2011)), 105-113 · Zbl 1348.81242
[37] Joyal, A.; Street, R., The category of representations of the general linear groups over a finite field, J. Algebra, 176,
908-946, (1995) · Zbl 0833.18004
[38] Joyal, A.; Tierney, M., Quasi-categories vs Segal spaces, (Categories in Algebra, Geometry and Mathematical Physics,
Contemp. Math., vol. 431, (2007), Amer. Math. Soc. Providence, RI), 277-326 · Zbl 1138.55016
[39] Joyal, A.; Tierney, M., Notes on simplicial homotopy theory, (Quaderns, vol. 47, (2008), CRM Barcelona), Available
at
[40] Kock, J., Polynomial functors and trees, Int. Math. Res. Not., 2011, 609-673, (2011) · Zbl 1235.18007
[41] Kock, J., Data types with symmetries and polynomial functors over groupoids, (Proceedings of the 28th Conference
on the Mathematical Foundations of Programming Semantics, Bath, 2012, Electron. Notes Theor. Comput. Sci., vol.
286, (2012)), 351-365 · Zbl 1342.68216
[42] Kock, J., Categorification of Hopf algebras of rooted trees, Cent. Eur. J. Math., 11, 401-422, (2013) · Zbl 1270.16030
[43] Kock, J., Perturbative renormalisation for not-quite-connected bialgebras, Lett. Math. Phys., 105, 1413-1425, (2015)
· Zbl 1325.81126
[44] Kock, J., Graphs, hypergraphs, and properads, Collect. Math., 67, 155-190, (2016) · Zbl 1335.05124
[45] Kock, J., Polynomial functors and combinatorial Dyson-Schwinger equations, J. Math. Phys., 58, (2017), 36 pp. · Zbl
06712317
[46] Kock, J.; Weber, M., Faà di bruno for operads and internal algebras, Preprint
[47] Kreimer, D., On the Hopf algebra structure of perturbative quantum field theories, Adv. Theor. Math. Phys., 2,
303-334, (1998) · Zbl 1041.81087
[48] Lawvere, F. W., Ordinal sums and equational doctrines, (Eckmann, B., Seminar on Triples and Categorical Homology
Theory, ETH 1966/67, Lecture Notes in Mathematics, vol. 80, (1967), Springer-Verlag New York), Repr. Theory Appl.
Categ., 18, 141-155, (2008), Available from · Zbl 0165.03204
[49] F.W. Lawvere, State categories and response functors. Dedicated to Walter Noll. Preprint, May 1986. · Zbl 0648.18001
[50] Lawvere, F. W.; Menni, M., The Hopf algebra of Möbius intervals, Theory Appl. Categ., 24, 221-265, (2010) · Zbl
1236.18001
[51] Leinster, T., Notions of Möbius inversion, Bull. Belg. Math. Soc., 19, 911-935, (2012) · Zbl 1269.18002
[52] Leroux, P., LES catégories de Möbius, Cah. Topol. Géom. Différ., 16, 280-282, (1976) · Zbl 0364.18001
[53] Leroux, P., The isomorphism problem for incidence algebras of Möbius categories, Illinois J. Math., 26, 52-61, (1982)
· Zbl 0487.18008
[54] Lück, W., Transformation groups and algebraic \textit{K}-theory, Lecture Notes in Mathematics, vol. 1408, (1989),
Springer-Verlag Berlin · Zbl 0679.57022
[55] Lurie, J., Higher topos theory, Annals of Mathematics Studies, vol. 170, (2009), Princeton University Press Princeton,
NJ, Available from · Zbl 1175.18001
[56] Lurie, J., Higher algebra, (2013), Available from
[57] Mac Lane, S., Categories for the working Mathematician, Graduate Texts in Mathematics, vol. 5, (1998), Springer-
Verlag New York · Zbl 0906.18001
Edited by FIZ Karlsruhe, the European Mathematical Society and the Heidelberg Academy of Sciences and Humanities
© 2019 FIZ Karlsruhe GmbH Page 3
[58] Manchon, D., On bialgebras and Hopf algebras of oriented graphs, Confluentes Math., 4, (2012), 10 pp. · Zbl 1247.16031
[59] Manin, Yu. I., A course in mathematical logic for mathematicians, Graduate Texts in Mathematics, vol. 53, (2010),
Springer New York, Chapters I-VIII translated from the Russian by Neal Koblitz; with new chapters by Boris Zilber
and the author · Zbl 1180.03002
[60] Ray, N.; Schmitt, W., Combinatorial models for coalgebraic structures, Adv. Math., 138, 211-262, (1998) · Zbl
0954.05051
[61] Rezk, C., A model for the homotopy theory of homotopy theory, Trans. Amer. Math. Soc., 353, 973-1007, (2001) · Zbl
0961.18008
[62] Ringel, C. M., Hall algebras and quantum groups, Invent. Math., 101, 583-591, (1990) · Zbl 0735.16009
[63] Rota, G.-C., On the foundations of combinatorial theory. I. theory of Möbius functions, Z. Wahrsch. Verw. Gebiete,
2, 340-368, (1964) · Zbl 0121.02406
[64] Schiffmann, O., Lectures on Hall algebras, (Geometric Methods in Representation Theory. II, Sémin. Congr., vol. 24,
(2012), Soc. Math. France Paris), 1-141 · Zbl 1309.18012
[65] Schmitt, W. R., Hopf algebras of combinatorial structures, Canad. J. Math., 45, 412-428, (1993) · Zbl 0781.16026
[66] Schmitt, W. R., Incidence Hopf algebras, J. Pure Appl. Algebra, 96, 299-330, (1994) · Zbl 0808.05101
[67] Street, R., Fibrations in bicategories, Cah. Topol. Géom. Différ., 21, 111-160, (1980) · Zbl 0436.18005
[68] Street, R., Categorical structures, (Handbook of Algebra, vol. 1, (1996), North-Holland Amsterdam), 529-577 · Zbl
0854.18001
[69] The Univalent Foundations Program, Homotopy type theory: univalent foundations of mathematics. Institute for
Advanced Study (IAS), Princeton, NJ, 2013. Available from http://homotopytypetheory.org/book. · Zbl 1298.03002
[70] Toën, B., Derived Hall algebras, Duke Math. J., 135, 587-615, (2006) · Zbl 1117.18011
[71] Waldhausen, F., Algebraic \textit{K}-theory of spaces, (Algebraic and Geometric Topology, New Brunswick, NJ, 1983,
Lecture Notes in Mathematics, vol. 1126, (1985), Springer Berlin), 318-419
[72] Weber, M., Generic morphisms, parametric representations and weakly Cartesian monads, Theory Appl. Categ., 13,
191-234, (2004) · Zbl 1062.18008
[73] Weber, M., Familial 2-functors and parametric right adjoints, Theory Appl. Categ., 18, 665-732, (2007) · Zbl 1152.18005
This reference list is based on information provided by the publisher or from digital mathematics libraries. Its items are
heuristically matched to zbMATH identifiers and may contain data conversion errors. It attempts to reflect the references
listed in the original paper as accurately as possible without claiming the completeness or perfect precision of the matching.
Edited by FIZ Karlsruhe, the European Mathematical Society and the Heidelberg Academy of Sciences and Humanities
© 2019 FIZ Karlsruhe GmbH Page 4
